For a family of Dirac operators, acting on Hermitian Cli ord modules over the odd-dimensional compact manifolds with boundary which are the bres of a bration with compact base, we compute the Chern character of the index, in K 1 of the base. Although we assume a product decomposition near the boundary, w e make no assumptions on invertibility of the boundary family and instead obtain a family of self-adjoint F redholm operators by choice of an auxiliary family of projections respecting the Z 2 decomposition of bundles over the boundary. In case the boundary family is invertible, this projection can be taken to be the Atiyah-Patodi-Singer projection and the resulting formula is as conjectured by B i s m ut and Cheeger. The derivation of the index formula is e ected by the combination of the superconnection formalism of Quillen and Bismut, the calculus of b-pseudodi erential operators and suspension.
. In this paper, using ideas similar to those used in 24] for the even-dimensional case, we p r o ve such a formula without making any assumptions on the boundary family and for the Dirac operator of general Hermitian Cli ord modules with unitary Cli ord connections.
To explain how w e d e n e a c o n tinuous family of self-adjoint F redholm operators consider, for simplicity, the spinor bundle but with no invertibility assumptions on the boundary family. Observe rst that the restriction of the spinor bundle to the boundary of the bration is Z 2 -graded, S @M = S + 0 S ; 0 : Let de ned by Cli ord multiplication in the normal direction, be the parity operator on S @M : = 1 0 0 ;1 :
The boundary operator g 0 is odd with respect to this Z 2 grading and self-adjoint (1) g 0 + g 0 = 0 g 0 = g 0 : For any Z 2 -graded vector bundle L on a bration : M 0 ;! B with bres di eomorphic to a xed closed compact manifold Y and for any family of elliptic, self-adjoint, Z 2 -graded odd di erential operators A (i.e., satisfying (1)) we i n troduce the notion of a Cl(1) spectral section P: This is a spectral section as in 24] (a family of generalized AtiyahPatodi-Singer projections, see De nition 1 of x2) with the additional property that P + P = :
We then prove that a Cl(1) spectral section exists for such a family A if and only if the virtual bundle Ind(A) = n ull(A + )]; null(A ; )] vanishes in K 0 (B): Since, by cobordism invariance, it is always the case that Ind(g 0 ) = 0 i n K 0 (B) there does exist a Cl(1) spectral section P for the boundary family g 0 : The choice of a spectral section xes a self-adjoint boundary condition, varying smoothly with the base point, (2) gu = f in M P(u @M) = 0 this also carries over to the case of an Hermitian Cli ord module E:
To compute the index of this family of self-adjoint F redholm operators we follow the idea of Atiyah, Patodi and Singer in replacing the incomplete metric on the bres by a complete metric with cylindrical end. In fact we prefer to think of the index theorem as in this`category' of exact b-metrics, as in 24] . A Cl(1) spectral section for g 0 xes a class of (families of) Z 2 -graded nite rank smoothing operators, A 0 P with the property t h a t ( g 0 + A 0 P ) z is invertible for any z 2 B: One can think of A 0 P as a trivializing perturbation for g 0 corresponding to the fact that Ind(g 0 ) = 0 i n K 0 (B): The b-calculus allows us to use this perturbation to de ne an index class Ind(g P ) 2 K 1 (B): Although there is no completely natural choice of A 0 P the index class is independent o f t h e particular choice of trivializing family corresponding to a xed spectral section and it is shown in x4 to be equal to the index class of the elliptic boundary problem (2) . As in the even-dimensional case, we prove a relative index theorem showing that the di erence of the index classes Ind(g P 1 ) ; Ind(g P 2 ) for two c hoices of Cl(1) spectral section, to be the class in K 1 (B) corresponding to the formal di erence of P 1 and P 2 : For xed P 2 as P 1 varies over Cl(1) spectral sections for g 0 the formal di erence classes exhaust K 1 (B) see Proposition 12.
The main result of this paper is a formula for the Chern character of Ind(g P ) : The global boundary term is given by the di erential form on B (3) odd P = 1 is the rescaled perturbed Bismut superconnection on the boundarybration. The cut-o function 2 C 1 (R) with (u) = 0 for u < 1 a n d (u) = 1 f o r u > 2 is introduced to ensure convergence at u = 0 : The supertrace appearing in (3) is the natural one de ned by the Z 2 -grading of E 0 . The di erential form odd P is well de ned, up to an exact form, independently of the particular choice of the trivializing family A 0 P : For a family of Dirac operators on odd-dimensional manifolds with boundary as above and for a choice of a Cl(1) spectral section P for the boundary family g 0 we establish the index formula (4) Ch(Ind(g P ; 1 2 odd P in H odd (B) in the context of Dirac operators associated to Hermitian Cli ord modules, where Ch 0 (E) is the Chern character of the twisting curvature.
To prove this formula we extend to manifolds with boundary the suspension argument u s e d b y Bismut and Freed in 14] . When dealing with elliptic boundary problems, the suspension, in the obvious analytic sense, of the Dirac operator with Atiyah-Patodi-Singer boundary condition does not give the Atiyah-Patodi-Singer boundary condition for the suspended Dirac family. This prevents a trivial reduction to the even-dimensional case. For the related reason that the suspension of a cone is not a simple cone, the operation of suspension has not been successfully integrated into the approach o f B i s m ut and Cheeger ( 10] a n d 12]) in which a metrically incomplete cone (see also 18] and 19] for the analytic background) is attached to the manifold with boundary. This has prevented the application of such a method in the odd-dimensional case. It is a feature of our approach via the b-calculus that the analysis of suspension on manifolds with boundary is relatively straightforward. This can be stated succinctly as the fact that for the complete problem replacing (3) the boundary condition is just the L 2 condition on the domain of the operator and that L 2 is preserved under suspension.
We remark that if the boundary family g 0 is invertible then, in the case of exact b-metrics, no perturbation is needed, each (5) is the rescaled Bismut superconnection of the spinor bundle S @M = S + 0 S ; 0 : In x1 the decomposition of Dirac operators on products is discussed.
The extension of the notion of a spectral section from 24] to the odddimensional, Cl(1) case is described in x2. Suspension in the context of K-theory is discussed in x3 and used in x4 t o p r o ve the equality of the index classes in the incomplete and complete (exact b-metric) senses. Suspension at the level of Dirac operators is in x5 this passage from odd to even-dimensional cases is our basic tool. The boundary behaviour of the suspended Dirac operator is treated in x6. In x7 t h e relative index theorem, giving the change of the index class under the change in spectral section, is reduced to the even-dimensional theorem from 24]. The suspension of the superconnection is examined in x8 a n d used to de ne the odd eta form in x9. In the last two sections the index formula, (4) , is derived from the index formula of 24], rst in the case of an invertible boundary family and then, in x11, in the general case.
The main result is stated precisely at the end of the paper.
Product decompositions
For Cli ord algebras we shall use the convention of 23] and demand that for any t wo c o vectors and
Product decompositions of Cli ord modules and the associated Dirac operators arise here in a neighbourhood of a boundary in both the oddand even-dimensional cases. The even-dimensional case is well known, so we suppose that X is an odd-dimensional manifold with boundary equipped with an exact b-metric. Let x 2 C 1 (X) be a distinguished de ning function for the boundary, meaning that the metric takes the form
where g 0 is a smooth 2-tensor inducing a metric, h on the boundary.
Let E be a Cli ord module for the Cli ord bundle of b T X: Over the boundary the bundle b T X decomposes orthogonally as follows:
As in 24] w e x a Cli ord action of T @Xon E @X by (1:4) cl @ ( ) = i cl( dx x ) c l ( ) for each 2 T @X:If = c l ( dx x ) then 2 = 1 a n d w e obtain a decomposition of the Cli ord module: (1:5) E @X = E + 0 E ; 0 where E 0 are respectively the 1 eigenspaces of the action of dx x : Assuming that dim X > 1 these two bundles have the same rank, since Cli ord multiplication by a n y non-zero element o f T @X gives an isomorphism between the bres at any p o i n t. Proof. This follows directly from the de nition of the Dirac operator.
From (1.7) we deduce that Consider now a bration of compact manifolds : M ;! B with bres, M z for z 2 B di eomorphic to a xed odd-dimensional manifold with boundary X as above. Let E be a Hermitian Cli ord module for the vertical b-cotangent bundle b T (M=B) endowed with a bre (true) unitary Cli ord connection. Let g = g z for z 2 B be the associated family of Dirac operators and assume that each operator of the boundary family g 0 is invertible. The discussion above s h o ws that in this case the family of operators g de nes a continuous family of self-adjoint F redholm operators
and thus an element Ind(g) o f K 1 (B): In the general case we n e e d t o deform the Dirac operator to get such a F redholm family.
Cl(1) spectral sections
The notion of a spectral section for a family of self-adjoint operators was introduced in 24]. For an odd, Z be the orthogonal projection onto the span of the eigenfunctions corresponding to the positive eigenvalues of A: If this projection is P 0 , then P 0 is the orthogonal projection onto the negative eigenspaces of A so P 0 + P 0 = I d :
In the general case we need a smooth family of projections with this property.
De nition 1. For a family, A z of odd Z 2 -graded self-adjoint elliptic di erential operators (of positive order and acting on the compact bres of a bration) a Cl(1) spectral section is a spectral section, P z for A i.e., a family of self-adjoint projections such that for some R > 0 Au = u > R =) Pu= u Au = u < ;R =) Pu= 0 (2.4) with the anticommutation property P + P = : (2.5) Notice that the additional condition (2.5) can also be written as P = I d ;P: Proof. The K 1 index of the whole self-adjoint family A vanishes, as can be seen from the fact that it is homotopic through self-adjoint families to B A ; A + ;B which i s i n vertible if B is a rst-order positive elliptic pseudodi erential operator. By Proposition 1 of 24], A admits a spectral section. In fact, as shown in Proposition 2 of 24], if r > 0 is preassigned, there is a spectral section, P 0 such t h a t P 0 u = 0 i f u is an eigenfunction with eigenvalue less than r in particular P 0 annihilates the null space of A:
It follows from (2.3) that the family of self-adjoint projections P 00 = P 0 annihilates all eigenfunctions of A corresponding to eigenvalues > ;r, a n d P 0 and P 00 commute. Since, on each bre, it is contained in the nite dimensional space spanned by the eigenfunctions of A with eigenvalues in the range ;r r ] the null space of the projection P 0 +P 00 is a nite dimensional bundle, denoted N:Moreover acts as an involution on N which therefore splits into the sum of the 1 eigenspaces: N = N + N ; :
The properties of P 0 imply that A = A 0 + A 00 where A 0 = P 0 AP 0 + P 00 AP 00 = (P 0 + P 00 )A(P 0 + P 00 ) (2.8)
with both terms on the right Z 2 -graded. Since A 0 is invertible on the range of P 0 + P 00 and A 00 is nite dimensional, N as a superbundle, represents the index of A in K 0 (B): By assumption the index of A vanishes so N + and N ; have t h e same dimension and are stably isomorphic. Let U be a smooth bundle such that N + U is isomorphic to N ; U: T h e r e i s a n i n teger q such that any bundle over B of rank at least q contains U as a subbundle. As shown in 
is self-adjoint and satis es (2.5) on N: Thus we nally have a C l ( 1 ) spectral section: P = P 0 + P N : (2.10) For the converse see Lemma 1 below.
As in the non-graded case discussed in 24], a Cl(1) spectral section for a Z 2 -graded operator xes a class of nite rank deformations of the operator. Lemma 1. If A is a smooth family of odd Z 2 -graded self-adjoint elliptic di erential operators of positive order on the bres of a compact bration and P is a Cl(1) spectral section for A, then there is smooth family, A 0 P of self-adjoint Z 2 -graded nite rank operators, in the span of a nite number of eigenfunctions for A such that A+A 0 P is invertible and P is the Atiyah-Patodi-Singer projection for A + A 0 P the space o f such deformations is connected.
Proof. As noted in the proof of Proposition 2 a spectral section for A P 0 can always be chosen such that P 0 AP 0 is strictly positive on the range of P 0 : As shown in Proposition 2 of 24], it can always be arranged that P 0 and the given spectral section, P commute. Set Q 0 = P ; P 0 P 00 = P 0 and Q 00 = Q 0 and then consider the decomposition: A = A 1 + A 2 A 1 = P 0 AP 0 + P 00 AP 00 : 
Suspension
In this section we brie y recall the basic properties of suspension. The choice of the normalizing factor will be explained after Proposition 7.
We rst use a simple suspension argument t o s h o w that two Cl (1) spectral sections for a xed family de ne an element i n K 1 of the base. Then we de ne the class in (3.4) to be just
Certainly the projections P 1 (t) a n d P 2 (t) for each p o i n t i n B di er by a nite rank operator. Thus, as discussed in 24] the di erence is a well-de ned virtual bundle over 0 ] B: We will brie y review the construction of this virtual bundle in x7. This di erence bundle is trivial over t = 0 and t = since the operators A i (0) and A i ( ) a r e each independent o f B and i: The class in (3.7) is therefore meaningful.
Di erent c hoices of deformation give homotopic operators so the result is actually independent of all choices.
In particular it follows from (3.7) that the odd Chern character of the di erence element in (3.4) is just the integral in t of the Chern character of the virtual bundle on the right i n ( 3 . 7 ) .
The odd index
Using Corallary 1 and the deformations given by Lemma 1 we c a n now associate a class in K 1 (B) t o a c hoice of Cl (1) only on g and P:
Although we t a k e this de nition of the index, involving Fredholm operators on the complete manifold, as the basic one, we shall also connect it to a more traditional de nition of the index for an elliptic boundary problem in the usual, incomplete, sense. Thus, letM ;! B be a bration with compact odd-dimensional bres being manifolds with boundary as before, but consider instead a smoothly varying family of metrics (incomplete, i.e., smooth and non-degenerate up to the boundary) with smoothly varying product decompositions near the boundary. IfẼ is an Hermitian Cli ord module on the bres, with unitary Clifford connection with product decomposition near the boundary, then the associated family of Dirac operators e g has a decomposition similar to (1.6),
where we again write g 0 for the boundary Dirac operator which i s Z 2 -graded odd for the same decomposition as in (1.5), except that = cl(dx) wherex is the normal variable to the boundary.
Of course the connection between this incomplete case and the exact b-metric case discussed above i s v ery close. Following 3] one can pass from the incomplete case to the (product) exact b-case by adding the semi-in nite cylinder (;1 0)x @M and then compactifying this bration by i n troducing the new boundary de ning function x = e~x:
Similarly one can pass from the product exact b-case to the incomplete case by i n troducingx = l o g ( x=a) with a > 0 c hosen so small that x = a is in the product region of the metric. Then restricting tox 0 g i v es a family of incomplete product metrics. The bundles can be similarly trivialized. To pass from the exact b-metric case to the product case, and hence to the incomplete product case, requires a small homotopy. Now in the incomplete case a spectral section P for g 0 the existence of which follows as before, speci es a boundary condition of`generalized Atiyah-Patodi-Singer' type. Namely the boundary problem e g z u = f P z (u z @M z ) = 0 In case no perturbation is necessary (or for a single operator in general) this is the approach t a k en by A tiyah, Patodi and Singer to the proof of their index formula for a single even-dimensional manifold.
Proof. Using the notation above, let e g be the Dirac operator for an incomplete metric structure on the bres of a brationM ;! B, a n d let g be the corresponding Dirac operator arising from the extension to a (product type) exact b-metric structure. To show that the two index classes are the same we rst deform the operator e g: With the boundary de ning functionx consider the homotopy e g + tÃ P Ã P = 1 i (x)A 0 P (4.5) for t 2 0 1]: Here, 2 C 1 c (R) h a s (x) = 1 n e a r x = 0 and such small support that it vanishes outside the product neighbourhood. The perturbed operator is no longer a di erential operator but it remains a self-adjoint F redholm operator on the xed domain (4.4). Moreover, for t = 1 the original boundary condition in (3.4) becomes the AtiyahPatodi-Singer boundary condition for the perturbed boundary operator g 0 + A 0 P : Thus the index class of (3.4) is the same as that of (4.5) with the same boundary condition.
Consider the spectral family of e g +Ã P i.e., the operators ( e g +Ã P )u ; u = 0 P (u @M) = 0 :
The operator is of product type and an eigenfunction u satis es @ @x u + ( g 0 + A 0 P ; )u = 0
near the boundary. L e t j be the positive eigenvalues of the self-adjoint operator g 0 + A 0 P with e j corresponding orthonormal eigenfunctions.
The negative e i g e n values are ; j with eigenfunctions e j , and by construction 0 is never an eigenvalue. Let > 0 b e a l o wer bound for the eigenvalues (for all values of the parameter.) Then, for 2 C small, j j < the eigenvalues of g 0 + A 0 P ; are j = q 2 j + 2 with eigenfunction f + j = e j ; j ; j e j ; j with eigenfunction f ; j = j + j e j + e j :
(4.8)
For t 2 0 1] consider the basis f + j (t) =e j ; t j ; j e j f ; j (t) =t j + j e j + e j (4.9) which i s a h o m o t o p y f r o m t h e e j e j basis to the f + j and f ; j : Let P (t)
be the projection satisfying
This is a pseudodi erential operator of order 0 with the same principal symbol as P 0 the Atiyah-Patodi-Singer projection, for all t 2 0 1] and j j < : For = is s 2 R and with jsj < the j are real and the f ;
which means that the elliptic boundary problem Q s u = i e g +Ã P ; is u = 0 P is (t)(u @M) = 0 t 2 0 1] s 2 ; ] Notice that, by de nition of P is (1) there is a unique square-integrable solution of the equation in x < 1 with boundary data at x = 1 in the null space of P is (1) is an isomorphism, always for s 2 R jsj 1 2 as can be seen using 
is a topological (but again not an orthogonal) direct sum and hence that i(g +Ã P ) + s = i( e g +Ã P ) + s 0 0 i(g +Ã P ) + s :
with the second diagonal entry an isomorphism.
As in the initial part of the argument, i (g + A P ; is) represents, by suspension, the K 1 class of the self-adjoint family g +A P : Thus we h a ve shown that the index classes, in K 1 of the base, of the elliptic boundary problem and of the complete problem, with perturbation, are the same.
Dirac suspension
To compute the Chern character of
we need to express the Atiyah-Singer suspended family (3.1) as a family of perturbed Dirac operators on even dimensional manifolds bering over B 0 : It is only to such a family that the results of 24] apply.
We start by analyzing the structure of the external tensor product of two Cli ord modules over the product of two Riemannian manifolds.
Recall that by a Cli ord module over a Riemannian manifold X we shall mean a complex vector bundle over X with a smooth non-trivial bre action of the Cli ord algebra, and in case the manifold is evendimensional we demand that the module be Z If both X 1 and X 2 are even dimensional then, by assumption, both L 1 and L 2 are Z 2 -graded, and the Z 2 -grading on L can be taken to be
(5.4)
In case both X 1 and X 2 are odd dimensional, the Z 2 -grading can be taken as the trivial Z 2 -grading on C 2 : has spectral ow equal to one since the eigenvalues of g L t are n (t) = n + t ; 1 2 :
Notice that the family (5.8) is periodic precisely because of the definition of the line bundle L: The eigenfunctions of g L t corresponding to the eigenvalues n (t) = n + ( t ; 1 2 )= are given explicitly by the smooth sections e n 2 C 1 (S 1 t S 1 L) de ned by e n (t ) = e in if t 2 0 ) e n (t ) = e i(n;1) if t = : Let E be the original Cli ord module for the bration : M ;! B:
We consider the product bre Cli ord structure of Lemma 2 on the bundle F = L E C 2 over the product bration : S 1 S 1 t M ;! S 1 t B:
The family of Dirac operators de ned by these data is
for each ( t z) 2 S 1 B:
Assume for the time being that the boundary family g 0 is invertible. (5.12) We shall deal with the technical di culties of the general case in the second part of this section.
As explained in x1 the family g xes a smooth family of unbounded self-adjoint F redholm operators and thus, according to x3, an index class Ind(g) = S u s ( g=(1 + g 2 ) The eigenvalues n (t) of the operators g L t are given by ( 5 . 9 ) , s o are di erent from zero for each n 6 = 0 and for each t 2 0 ] whereas 0 (t) = ( t ; 1 2 )= vanishes only for t = 1 2 : On each summand of the decomposition the operator g F =(1 + (g F ) 2 (5.14) This operator has spectrum equal to the range of ( n (t) 2 + (z) 2 )=1 + n (t) 2 + (z) 2 ) 1 2 as (z) runs over the spectrum of g z . T h us if n 6 = 0 it is invertible for each v alue of (t z) 2 (0 ) B, whereas if n = 0 it is invertible for each t 6 = 1 2 and each z 2 B: It follows that g F =(1 + (g F ) 2 ) 1 2 can be written as the direct sum of an invertible family and the family corresponding to (5.14) for n = 0. Since the former does not contribute to the index, Ch(Ind(g F )):
We n o w drop assumption (5.12) and consider the general case. Let P be a Cl(1) spectral section for g and let Ind(g P ) = Ind(g + A P ) b e the associated index class in K 1 (B Ind( e g F ) = j( Sus(g + A P )]) j(Ind(g P )): Notice once again that it is really the restriction of e g F to (0 ) B, that determines the index class Ind(g P ).
In fact over (0 ) B the family e g F is homotopic to the family obtained by considering instead of R in (5.18) the family of nite rank smoothing operators Q = ( Q (t)) t2(0 ) with Schwartz kernel K(Q (t)) = X n ( n (t))e n (t) e n (t) (5.19) with 2 C 1 c (R) a smooth function equal to one for x 2 ;1= 1= ] (thus, compared to f in (5.13), with no dependence on the t variable). There is a natural product boundary Cli ord structure underlying formula (6.1). Namely, on the bundle L E 0 over the boundary bration @M 0 ;! S 1 B consider the Cli ord action:
The family of Dirac operators associated to this product structure (with respect to the connection induced on the boundary as in Lemma 2) is precisely the family Proof. Since is real and Id g 0 z ; g L t cl 2 ( dx x ) is self-adjoint, it su ces to check the result for = 0 : Thus we need to show that Id g 0 z ; g L t cl 2 ( dx x ) i s i n vertible for each ( t z) 2 S 1 B:Let fe n (t)g and ff k (z)g be orthonormal bases of eigenfunctions for g L t and g 0 z respectively let f n (t)g and f k (z)g the corresponding eigenvalues. For each ( n k) 2 Z 2 consider the two dimensional subspace of L 2 (S 1 (t) @M z L E 0 ) spanned by the sections v = e n f k u = e n cl 2 ( dx x )f k : We denote this subspace by V (n k): Clearly
V (n k) (6.3) and moreover each V (n k) i s i n variant under the action of Id(t) g 0 z ; g L t cl 2 ( dx x ) the restriction being given by the self-adjoint matrix k ; n ; n ; k (6.4) with eigenvalues equal to ( 2 n + 2 k ) 
Relative index theorem
As a rst application of the Dirac suspension described above w e will now prove the relative index theorem in the odd case using the corresponding relative index theorem of 24] . As in the even-dimensional setting the relative index theorem can be obtained as a corollary of the full index theorem however it is much more elementary. W e therefore give an independent proof which also serves to illustrate the reduction of odd-to even-dimensional cases by suspension.
Let P 1 P 2 be two Cl (1) Recall how this di erence class is de ned. By construction there exists r 2 R + such that the range of Q P i is contained in the span of the eigenfunctions of g 0 ; g L cl 2 ( dx x ) corresponding to the eigenvalues belonging to the interval ;r r ]: We can always choose an auxiliary spectral section Q for g 0 ; g L cl 2 ( dx x ) such that Q annihilates all the eigenfunctions corresponding to eigenvalues less than or equal to r and with Q acting as the identity on the span of the eigenfunctions corresponding to eigenvalues greater than R > r for some R 2 R + : Consider the orthocomplements of ran Q in ran b P 1 and ran b P 2 respectively. These are smooth bundles over S 1 B denoted respectively ( b P 1 ; Q) a n d By a further simple homotopy (see (7.5)), both Dirac suspensions in (7.1) can be reduced to g F near t = 0 and : Thus b P 2 ; b P 1 ] i s a n element o f K 0 ((0 ) B) as required. It is shown in 24] that this class is well de ned, independent of the particular choice of Q:
Recall that in x3, Proposition 4, the di erence class of two Cl(1) spectral sections, P 2 ; P 1 ] 2 K 1 (B) was de ned. After these preliminaries we can state and prove the relative index theorem in the odd case.
Proposition 11. If P 1 and P 2 are t w o Cl(1) spectral sections for the boundary family g 0 , t h e n Ind(g P 1 ) ; Ind(g P 2 ) = P 2 ; P 1 ] 2 K 1 (B): (1 + (g 0 + (t 0)A 0 P i ) 2 ) 1 2 cos(t) c l 2 ( dx x ) + ( g 0 + (t 0)A 0 P i ) s i n ( t) (7.9) and let P 2 ; P 1 ] and P 2 ; P 1 ] be the corresponding di erence classes as in x3. Since the two families (7.8) and (7.9) are always invertible, from the assumed properties of it follows that P 2 ; P 1 ] = P 2 ; P 1 ]:
Since P 2 ; P 1 ] = b P V 0 2 ; b P V 0 1 ], the proposition is proved.
As mentioned in the Introduction any K 1 class can be represented by s u c h a di erence although we do not make use of this result here.
Proposition 12. Provided a n e l l i p t i c f a m i l y o f Z 2 -graded d i e r ential operators is trivial in K 0 of the base, so Cl(1) spectral sections exist, as P 1 ranges over all such spectral sections, for a xed P 2 (3.4) exhausts K 1 (B): Similarly, provided a given elliptic family of self-adjoint operators on the bres is trivial in K 1 (B) the di erence classes of spectral sections exhausts K 0 (B)
Proof. Consider the second case, of a self-adjoint family, A z : The assumption of the vanishing of the index of A in K 1 (B) implies that A has a spectral section, P s e e 2 4 ] . Also the results of 24] allow us to nd a second spectral section, P 00 commuting with P and such that V 00 = n ull(P 00 )= null(P) i s a v ector bundle with rank larger than any preassigned integer. Let V be a vector bundle over B: There is an integer, N such that V is a subbundle of any v ector bundle over B of rank at least N:Thus V can be embedded as a subbundle of V 00 for an appropriate choice of P 00 : Let P 0 be the self-adjoint projection with null space null(P) V:Clearly the di erence element P 0 ; P] represents V in K 0 (B): It follows that the formal di erence, V W of any t wo v ector bundles can be represented by a di erence of spectral sections.
In order to prove the rst case we consider the description of K 1 (B) and K 0 ( (0 ) Similarly V 1 can be taken to be V 0 thus a subbundle in the span of the negative eigenspaces. Consider the spectral section P i equal to P 0 on the orthocomplement o f V 0 V 1 and to the projection onto the +1 eigenspace of i on V 0 V 1 : Since i is odd with respect to , i t follows that P i is a Cl(1) spectral section. The proposition then follows by observing that, by de nition of the di erence class in (3.5), Sus(d(V 1 2 )) = P 1 (t) ; P 0 (t)] ; P 2 (t) ; P 0 (t)]:
8. Suspended superconnection Notice that, according to the discussion in x1, which i s a n e v en di erential form on S 1 B as it should be. Consider, for a xed u in this interval, the normalized S 1 -integral of (9.7). This is 
The bres of the suspended bration are simply the products of the original bres with circles, L is a line bundle over the circles, and the actions of the operators B u and g L are in these respective factors. The heat kernel in (9.9) therefore splits into the tensor product of the heat kernels. Similarly the other factors split as products so (9.8) which is precisely the rst term in formula (6) in the introduction when we consider a general Cli ord module E instead of the spinor bundle S:
By applying Lemma 5 we nally obtain the odd family index formula in the invertible case:
11. Index theorem in the general case Let g be a family of Dirac operators on odd dimensional manifolds with boundary as in the Introduction. By Corollary 1 the boundary family g 0 admits a spectral section P, and we can thus associate to g and P an index class Ind(g P ) 2 K 1 (B) a s i n x4. From Proposition 7 we know that Ch(Ind(g P The lemma will be proved by taking the limit as # 0 i n f o r m ula (11.10). Using Duhamel's principle and the idempotence of dt we obtain for p b P ( u) the analogues of (9.5) and (9.6). The new technical problem in computing the normalized S 1 -integral of this expression comes from the mixed terms of the type Q A 0 P appearing in the heat kernel. These terms prevent us from directly expressing the trace on the product manifold as the product of the traces as we did in the proof of Lemma 5, when we passed from (9.8) and (9.9) to (9.10) and (9.11) respectively. To get around this point we consider the usual orthonormal basis fe k (t)g of eigenfunctions of g L with eigenvalues f k (t)g and the decomposition L 2 i dt( 0 ( k (t))A 0 P ))e ;(1;s)(Bu(k ) 2 +u(g L ) 2 ) ds) odd : (11. 14)
The last term, involving the derivative o f vanishes in the limit as ! 0:
As far as the right-hand side of (11.10) is concerned we apply the same steps as above, namely Duhamel's principle, the idempotence of dt and the expansion (11.12) to express it as the sum of six terms: and the series converges rapidly in each C k norm. Thus we can again bring the limit as # 0 under the sum in (11.19 with the second factor equal to the spectral ow o f g L which is equal to one. Here, and in (11.20), de nition (11.5) has been used. Notice that in (11.20) we h a ve again used Duhamel's principle in order to sum up the series of the limits of the traces resulting from (11.19) . Since 0 approaches 0 as # 0, it is straightforward to check, using again (11.19) (11.20) , that the limit as # 0 of the remainder (11.18) is equal to 0:
Thus we h a ve s h o wn that By applying (11.1), (11.6), Lemma 6 and (10.2) we obtain the main result of this paper Theorem. Let g be a family of generalized Dirac operators on odd dimensional manifolds with boundary as in x1, and let P be a Cl(1) spectral section for the boundary family g 0 : If Ind(g P ) 2 K 1 (B) is the index class associated t o g and P as in x4, then the following formula where odd P is the eta form de ned in (11.8).
